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We study the leading irrelevant operators along the flat directions of certain supersym- 
metric theories. In particular, we focus on flnite N = 2 (including = 4) supersymmetric 
fleld theories in four dimensions and show that these operators are completely determined 
by the symmetries of the problem. This shows that they are generated only at one loop 
and are not renormalized beyond this order. An instanton computation in similar three 
dimensional theories shows that these terms are renormalized. Hence, the four dimensional 
non-renormalization theorem of these terms is not valid in three dimensions. 
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1. Introduction 

Recent advances in tlie understanding of supersymmetric field theories and string 
tfieory were made possible by the special properties of these theories. In particular, the 
objects which are annihilated by some of the supersymmetries are very special and can 
often be determined explicitly. 

In theories with four supercharges (like the = 1 theory in four dimensions) the su- 
perpotential is annihilated by half the supercharges and therefore it is supersymmetric after 
integrating over the other half of superspace. This property is related to the holomorphy 
of the superpotential. This fact underlies the standard perturbative non-renormalization 
theorem |1|], and often permits an exact, non-perturbative determination of the superpo- 
tential (see, e.g. P]). The Kahler potential in these theories is not annihilated by half 
the supercharges and therefore it is in general complicated and it is not known how to 
determine it exactly. 

In theories with eight supercharges (like the N = 2 theory in four dimensions) the 
superpotential is trivial. Here the Kahler potential is determined by a holomorphic prepo- 
tential JF which is annihilated by half the supercharges. The leading terms in the action 
are given by an integral over the remaining half of superspace 



Again, the holomorphy of JF is the key fact which makes it possible to determine it exactly 
0,^. Higher dimension operators in these theories, which are integrated over all of su- 
perspace are not controlled by such holomorphy and are in general hard to calculate. For 
a discussion of such terms see In the next section we will show that in the special 

case of the finite N = 2 SU{2) theories these terms can be determined and they are given 
exactly by the one loop contribution. 

In theories with sixteen supercharges (like the = 4 theory in four dimensions) there 
is no simple superspace formalism with a finite number of fields. (A survey of these theories 
will appear in 0].) Therefore, it is not easy to find the most general supersymmetric 
action. However, a simple scaling argument (see, e.g. [§]) allows us to organize them. In 
any number of dimensions we can assign weight -1 to the coordinates and hence weight 
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1 to the derivatives. Even if no superspace formalism is known, we should assign weight 
i to the supercharges. Since we plan to study functions on the moduli space, we should 
assign weight zero to all the scalar moduli. By supersymmetry, this means that we should 
assign weight ^ to all the fermions and weight zero to all gauge fields. If we use auxiliary 
fields we assign them higher weights. 

With this assignment the superpotential in = 1 theories is integrated over two ^'s 
and leads to terms of weight one. The Kahler potential is integrated over four ^'s and 
leads to terms of weight two. After integrating out the auxiliary fields, terms of lower 
weight can be generated; e.g. a potential of weight zero is generated after integrating out 
the auxiliary fields. 

It is important to stress that this scaling is not the same as dimensional analysis which 
is important in the question of renormalizability. For instance, the superpotential leads to 
terms with two fermions and any number of scalars all of which are of weight one. The 
Kahler potential leads to various terms with derivatives and if it is not canonical, it can 
also lead to terms with four fermions and any number of scalars. All these terms are of 
weight two. 

Using this scaling, we expect that the terms which can be controlled in theories with 
sixteen supercharges are of weight four. This would correspond to an integral over half of 
superspace, if there were a superspace formulation of the theory. Among these are terms 
with four space-time derivatives and any number of bosons. They also include terms with 
two space-time derivatives, any number of bosons and four fermions, and terms with eight 
fermions and any number of bosons. The goal of this paper is to analyze such terms in 
three and four dimensions. 

In section 3 we analyze these terms in the four dimensional = 4 theory. We 
argue that they are given exactly by the one loop contribution. We study their potential 
renormalization by instantons and conclude that instantons cannot renormalize them. 

In section 4 we study the N = 8 theory in three dimensions where we show that 
instantons do renormalize these terms. After the completion of this work we received two 
interesting papers |]TO| , pT[] , which also analyze these terms in greater detail than we do here. 



but from a different perspective. 



Such terms with four space-time derivatives have recently figured in the Matrix model 
proposal of Banks, Fischler, Shenker and Susskind [l^]. (They are also discussed in [|T3| .) 



For agreement with eleven dimensional supergravity it was suggested that in the quantum 
mechanics problem with sixteen supercharges these terms are not renormalized beyond 
one loop. The fact that we find violation of this non-renormalization theorem in three 
dimensions might suggest that it is also violated in one dimensions (quantum mechanics). 
Even if this conclusion is correct, it is not clear what consequences this effect has on the 
Lorentz invariance of the theory of W2 . 



2. Four derivative terms in = 2 in (i = 4 

In four dimensions, N = 2 theories for which the one loop /3 function vanishes are finite, 
conformally invariant theories. Example include gauge theories with gauge group SU{Nc) 
and 2Nc hypermultiplets 0. For these theories, we can easily prove a non-renormalization 
theorem for the F^^^ terms. The proof exploits the fact that the couplings of the vector 
multiplet alone are easily written in = 2 superspace, as well as the scale invariance of 
the theory. 

Consider the case of gauge group SU{2). At low energies the theory has one vector 
multiplet It can be written, in = 2 superspace 0, as 

<i) = (^ + e"Wc, + e^D'^^^ (2.1) 

where $ is an = 1 chiral field (a function of the A^ = 1 ^'s), is the field strength 
multiplet (again in A^ = 1 notation), and 9 represent the extra anticommuting coordinates 
required by A^ = 2. The kinetic terms arise from 

J (fed^Or^^ (2.2) 

where t = ^ + ^ is the gauge coupling. Using the scale invariance of the theory, 
under which \E' has dimension one, we learn that ( p.2| ) remains quadratic after quantum 
corrections are included. This leaves open the possibility that the bare coefficient r is 
replaced by a function of r in the effective theory. The analysis of shows that no such 
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corrections are present if we define r to be compatible witli duality (see also the discussion 
in El). 

Terms of weight four arise from couplings of the type 

j d^^H(^',^'^r,r^). (2.3) 

These must respect all the symmetries of the problem. 7i must be dimensionless, while 
\1/ has dimension one. 7i must also respect the U{1)r symmetry. Because the theory is 
scale invariant, there can be no scale (other than \E' itself). For fixed r there is a unique, 
non-trivial form permitted by the symmetries: 

n ~ In(-) ln( — ) = - In^(^) + (/(^) + c.c) (2.4) 

(the last two terms do not survive integration over superspace, keeping in mind that \& 
is chiral). The scale A here is a fake; the terms involving In A are multiplied by chiral or 
antichiral functions, which vanish when integrated over all of superspace. Similarly, this 
expression respects the U{1)r symmetry, since the change in the Lagrangian under such 
a transformation is an integral over a chiral or antichiral superfield. Note that at general 
point in the moduli space, this Lagrangian is to be interpreted by expanding the field 
about that point. 

To determine the r dependence of ( |2.4| ) we follow and promote r to a background 
superfield. The coupling in (|2.2| ) shows that it must be in a vector superfield. Now, the 
scale invariance and U{l)ii invariance discussed in the previous paragraph are ruined unless 
there is no r dependence at all. This statement implies that there are neither perturbative 
nor non-perturbative corrections. Thus the terms arise only at one loop in the finite 
N = 2 theories. 

3. Four derivative terms in = 4 in = 4 

The discussion of the previous section can be applied immediately to the A^ = 4 
theories in d = 4. These theories can be described in A^ = 2 language. Each A^ = 4 
multiplet consists of a vector multiplet of A^ = 2 and a hypermultiplet in the adjoint 
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representation. Focusing again on SU (2) gauge theory, the hght degrees of freedom on the 
moduh space of vacua are in a single = 4 multiplet. Our choice of = 2 decomposition 
of this multiplet is such that the scalar expectation value is in the vector of = 2 and 
the N = 2 hypermultiplet does not have an expectation value. Repeating the arguments 
above gives again a unique form for the terms in the effective action involving the vector 
fields, alone 

H~ln(-)ln( — ). (3.1) 

Just as before, one can argue that this term is not renormalized. 

It is useful to verify that the action indeed has this structure. The one loop computa- 
tion is a straightforward Feynman diagram calculation. To determine the expected form 
of the action, one expands 

* = ^; + *', (3.2) 

where is the fluctuating fleld. Then one can develop eqn. ( |3.1| ) in powers of This 
yields (dropping terms which vanish upon integration over all of = 2 superspace): 

2v'^ 3f* 4v^ 

This expression can readily be rewritten in A^ = 1 language, and then in terms of 
component flelds. Ref. gives a general expression for the integral of H, eqn. (^T^), in 
terms of A^ = 1 superfields. In particular, there are terms 

^ J rf^^[-2V""$* V5ad$ + ^iW^V^W^ + ^Wlwl + . . .] (3.4) 

(we are using the notation of ref. 0). The remaining Q integrals yield a variety of compo- 
nent interactions. For example, there is a four-gaugino interaction, 

^Xa^d^.X'ycy^d^X. (3.5) 

Similarly, there is a two gaugino term, with coefficient 

%\*d'^d^\. (3.6) 



We have verified that these (and other) terms are generated with the correct coefficients, 
by performing a calculation in the 't Hooft-Feynman gauge. 

While this calculation is completely straightforward, it is perhaps worth describing a 
few of its features. The two gaugino term can simply be read off of the one loop propagator, 
expanding to order . On finds 

where is the vector meson mass. For the four fermion operators, there are many terms. 
One can simplify the computation by taking a simple choice of the external momenta; e.g. 
one can look for a term 

A(0)M*b)A*(0)M(-p)- (3.8) 

This term is generated by the operator XpX* X*^X, which is obtained from the 9 integrations 
from eqn. (|3.4[ ). The coefficient of this operator is g^^ iq-k^m^ ■ '^^^ relative coefficients 
agree with what is expected from eqn. ( p.4|) . 

It is not difficult to generalize the term (|3.1|) to include the couplings of the hypermul- 
tiplets. One approach is to take this expression, written in = 1 language, and generalize 
it using the SU (4) symmetry of the theory. In fact, it is enough to use the SU (3) x ^7(1)_r 
subgroup which is manifest in = 1 superspace. In = 1 language, the theory contains 
a vector multiplet (with R = 1) and three chiral multiplets, $i. These latter transform as 
a triplet of the SU{3) with R = 2/3. The N = 2 vector multiplet contains one of these 
chiral fields, e.g. $3. Writing out eqn. ( P?T| ) in = 1 language, it is straightforward to 
generalize it so that it respects the full symmetry. 

The effective action, eqn. (|3.1|) , generalized as described above to include the couplings 
of the hypermultiplets, generates many terms including certain eight fermion operators 
with no derivatives. If one examines instanton effects in the theory, it might seems that 
these could generate eight fermion operators at zero momentum. An instanton in this 
theory possesses 16 fermion zero modes, before including the effects of the Higgs fields. 
Out of the 16 supercharges 8 annihilate the classical solution and the other 8 generate 
zero modes. Similarly, out of the 16 super conformal symmetries 8 annihilate the classical 
instanton configuration and 8 generate zero modes. If one proceeds as in instanton calcula- 
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tions in = 1 supersymmetry and in = 2 supersymmetry [ 16 ] , one can tie eight of 
the 16 fermion zero modes together with background scalars. It is easy to check that these 
terms are non-zero. If this were the whole story, it would violate the non-renormalization 
theorem we have just proven, so there must be some sort of cancellation. To see how this 
comes about, recall that the background Higgs fields are of order g. This is indeed what 
justifies instanton calculations, such as the calculation of baryon number violation in the 
standard model or the superpotentials and other quantities in supersymmetric theories 
T^,|TB[. But this means that the background fields are the same size as the fiuctuating 



fields, so one must also consider the possibility of tying together the zero modes with scalar 
propagators. In = 1 and N = 2 supersymmetric QCD, this is not possible in leading 
order. The only relevant couplings are the Yukawa couplings of the quarks to the gauginos 
(of the form (p*Xi(j), and the propagator < (pep > vanishes to lowest order. In the present 
case, however, one has not only these Yukawa couplings, but also Yukawa couplings arising 
from the superpotential, of the form (ptptl). As a result, there are now numerous diagrams, 
with various signs. We have not verified the cancellation explicitly, but similar cancella- 
tions have been seen in other contexts (e.g. ref. [1^]) and we expect that they will occur 
here as well. 

As we will discuss below, there is no possibility for an analogous cancellation in d = 3, 
so we do not expect that there is an exact non-renormalization theorem in this case. 



4. Four derivative terms in = 8 in (i = 3 

We now turn to the study of the N = 8 supersymmetric theory in three dimensions. 
For simplicity we consider only the gauge group SU{2). The fields in the Lagrangian are 
three vector multiplets each of which consists of a vector, eight fermions and seven scalars. 
The global symmetry of the problem is Spin{7). The eight supercharges transform as a 
spinor 8 of Spin{7) and hence it is an R-symmetry. The seven scalars are in the vector 7 
and the eight fermions in the spinor 8 of the symmetry group. 

Along the fiat directions the gauge SU{2) symmetry is broken to ^7(1) and the global 
Spin{7) symmetry is broken to Spin{6) = SU (4). The light fields are in one supermultiplet. 
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Since the long distance theory is free, we can duahze the vector in the multiplet to a 
compact scalar 

cr~a + 27r (4.1) 

and hence the moduli space is eight dimensional, parametrized by a and seven scalars cj). 
It is 

^ = ^4-2) 

where we mod out by 7L2 because of the Weyl group of SU{2). The metric on Ai is 
the obvious flat metric and has two orbifold singularities. The theory at the singularity 
^ = 0" = is likely to be interacting 0, while at (p = 0, a = n, the theory is free - it is an 
orbifold theory 

The metric on the moduli space exhibits a global U{1) symmetry of shifts along the 
direction. It appears as a consequence of the Bianchi identity of the field strength, 
F, of the "photon" along the flat directions. This symmetry is not a symmetry of the 
microscopic theory. One way to see that is to note that in terms of the fundamental degrees 
of freedom F is a gauge invariant composite which does not satisfy the Bianchi identity. 
Alternatively, the magnetic monopoles of the four dimensional theory are instantons in 
three dimensions and they explicitly break the global U{1) symmetry. These instantons 
were first studied in the theory without supersymmetry by Polyakov fl^ . In theories with 



N = 2 supersymmetry they were discussed by Affleck, Harvey and Witten and in = 4 
in pO| , [2T[] . More recently they were also discussed in theories with N = 8 supersymmetry 



T^,ll|. Here we mention only the main properties of the instanton computation. 

The expectation values of the scalar fields break the gauge symmetry to U{1) and the 
global symmetry to SU{4). In this set up there are BPS saturated field configurations which 
are monopoles in four dimensions and instantons in three. The instanton configuration 
breaks some of the remaining unbroken symmetries. For example, translation invariance 
in the three space-time dimensions is broken. For every such broken generator there is 
a collective coordinate which should be integrated over. Of particular interest are the 
fermion zero modes. They are also associated with symmetries of the problem. The 
sixteen supercharges can act on the classical configuration. Eight of them annihilate it and 



therefore the instanton is BPS saturated. The other eight supercharges lead to fermion zero 
modes. Since they are associated with symmetry generators, one can introduce coUective 
coordinates for them. It is easy to see that there are no other fermion zero modes. 

The eight fermion zero modes transform as two 4's of the unbroken gfobal SU{4). 
They fead to an effective interaction which is a product of eight fermions 



where 1 = 1, ...,4 and A = 1,2. Each fermion in this interaction transforms as (4, 2) of 
SU{4) X SU (2) (the SU (2) factor is the Euchdean space Lorentz group in three dimensions). 
The interaction ( [4.3|) is SU{4) x SU{2) invariant. The fuU interaction term depends on 
the expectation values of the scalar fields. It includes a factor of 



The first term in the exponent is the instanton action which depends on the scalar 

expectation value and the gauge coupling g. The second term ia shows that the instanton 
breaks the global U{1) of shifts of a by a constant. More factors of < (/> > are needed to 
make ( [4.3| ) not only SU{4) invariant but Spin{7) invariant. 

Obviously, the full term we have just described is complex. In the action we have to 
add to it its hermitian conjugate. It is generated by an anti-instanton and involves the 
product of eight fermions transforming as (4, 2) of SU{4:) x SU{2). 

It is useful to compare this instanton computation to the analogous computation 
in four dimensions (section 3). In four dimensions the theory is conformally invariant 
and therefore there are sixteen fermion zero modes (eight from supersymmetry and eight 
from the superconformal symmetry). In three dimensions the theory is not conformally 
invariant and hence there are only eight zero modes. Furthermore, in three dimensions 
there is an exact instanton configuration which is BPS saturated (annihilated by half the 
supercharges). This is not true in four dimensions, where constrained instantons have 
to be used. This makes the computation more delicate in four dimensions and leaves the 
possibility of the cancellation discussed in section 3. 



(4.3) 



I,A 




(4.4) 
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We conclude that instantons generate terms with eight fermions. Therefore, by the 
discussion in the introduction they renormahze the terms in the effective action with eight 
fermions and also the terms with four derivatives. It is possible that these terms are also 
corrected by perturbative loop effects. Whether or not this is so, the non-renormalization 
theorem for these terms is not true in three dimensions. 
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